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Abstrat
The group E(3) = SO(3)⊗s T (3), that is the homogeneous subgroup
of the Galilei group parameterized by rotation angles and veloities, de-
nes the ontinuous group of transformations between the frames of in-
ertial partiles in Newtonian mehanis. We show in this paper that the
ontinuous group of transformations between the frames of noninertial
partiles following trajetories that satisfy Hamilton's equations is given
by the Hamilton group Ha(3) = SO(3)⊗s H(3) where H(3) is the Weyl-
Heisenberg group that is parameterized by rates of hange of position,
momentum and energy, i.e. veloity, fore and power. The group E(3) is
the inertial speial ase of the Hamilton group.
1 Introdution
It is very well known that Galilean relativity of inertial frames with relative ve-
loity and rotation is desribed by the Eulidean group that is the homogeneous
subgroup of the full Galilei group
1
. We review, in the following setion, the
derivation of the ation of the Eulidean group on frames of a partile in New-
tonian spae-time from the assumption of invariane of a Newtonian time line
element and invariane of length in the inertial rest frame. The group multipli-
ation law gives the usual Newtonian addition of veloity. The dieomorphisms
of the spae-time with these invariants are the straight lines trajetories of an
inertial partile.
The group of transformations between frames of partiles following nonin-
ertial trajetories also has an invariant Newtonian time line element and in-
variane of length in the inertial rest frame. We use the Hamilton formulation
on extended phase spae with position, time, momentum and energy degrees
of freedom and therefore must also have invariane of the sympleti metri.
Using the same method as reviewed for the Eulidean group, this results in the
Hamilton group that is parameterized by rotation angles, and rates of hange of
∗
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The full Galelei group also inludes translations in position and time
1
position, momentum and energy with time, i.e. veloity, fore and power. The
group multipliation law results in the usual Newtonian addition of veloities
and fore. The dieomorphisms with these invariants must satisfy Hamilton's
equations of motion. The power transformation law has terms that integrate
to those terms in the Hamiltonian that are required in noninertial frames. The
homogeneous subgroup of the Galilei group is the inertial speial ase of the
Hamilton group.
2 Newtonian inertial frames
The Newtonian spae-time M ≃ Rn+1 has oordinates x = (q, t) where q ∈ Rn
are the n position o-ordinates and t ∈ R is the time oordinate. The usual
physial ase orresponds to n = 3. A frame in the otangent spae at a point
x, T ∗xM, has a basis dx = (dq, dt). The ation of the general linear group
element Γ ∈ GL(n + 1,R) on the otangent spae, suppressing the indies and
using basi matrix notation is
dx˜ = Γ · dx, (1)
where Γ is a nonsingular (n+1)×(n+1) real matrix and dx is a olumn vetor.
The line element may be written as
ds2 = dt2 = η◦abdx
adxb = tdx · η◦ · dx, (2)
where the indies a, b.. = 0, 1..n and η is an (n+ 1)× (n+ 1) matrix
η◦ =
(
0n×n 01×n
0n×1 1
)
. (3)
In this expression, 0n×m is an n×m zero matrix. The ondition that the line
element is invariant under the ation of the group is
dt2 = tdx · η◦ · dx = dt˜2 = t (Γ · dx) · η◦ · Γ · dx, (4)
and therefore
η◦ = tΓ · η◦ · Γ. (5)
We may write Γ as an (n+ 1)× (n+ 1) matrix of the form
Γ =
(
R v
w ǫ
)
(6)
with R an n× n submatrix, ǫ ∈ R and v, w ∈ Rn with v a olumn vetor and w
a row vetor. Equation (5) results in the expression
η◦ =
(
0 0
0 1
)
=
(
tR tw
tv ǫ
)(
0 0
0 1
)(
R v
w ǫ
)
=
(
tww twǫ
ǫw ǫ2
)
, (7)
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where the dimensions of the zero matries are now impliit. It follows diretly
that w = 0 and ǫ = ±1.
The group multipliation and inverse property is realized by matrix multi-
pliation and inverse and a diret alulation shows it denes the matrix group
with group multipliation and inverse given by
Γ(ǫ, R, v) = Γ(ǫ′′, R′′, v′′) · Γ(ǫ′, R′, v′) = Γ(ǫ′′ǫ′, R′′ · R′, R′′ · v′ + ǫ′v′′),
Γ−1(ǫ, R, v) = Γ(ǫ, R−1,−ǫR−1 · v).
(8)
The requirement that det Γ 6= 0 requires that detR 6= 0 and therefore R ∈
GL(n,R). The group elements Γ(1, R, 0) dene the natural embedding of GL(n,R)
into GL(n + 1,R). The elements Γ(ǫ, In, 0) ∈ D2 where D2 is the two element
disrete group of time reversal. Note that Γ(ǫ, R, 0) ∈ D2 ⊗ GL(n,R).
The translation group is dened to be the matrix Lie group T (n) that is
isomorphi to R
n
onsidered to be an abelian group under addition, T (n) ≃
(Rn,+). The group elements Γ(1, In, v), with In the n× n unit matrix, dene
elements of the translation group T (n) with group omposition
Γ(1, In, v) = Γ(1, In, v
′′) · Γ(1, In, v
′) = Γ(1, In, v
′ + v′′),
Γ−1(1, In, v) = Γ(1, In,−v).
(9)
In this ase, the translation group is parameterized by veloity: the translation
are in veloity spae rather than position spae. The automorphisms of this
translation subgroup are
Γ(ǫ′, R′, v′) · Γ(1, In, v) · Γ
−1(ǫ′, R′, v′) = Γ(1, In, ǫ
′R′ · v), (10)
and therefore the translation group is a normal subgroup. The intersetion of
this translation subgroup with the subgroupD2⊗GL(n,R) is the identity and the
union is the entire group. Therefore, the group is the extended inhomogeneous
general linear group
IGˆL(n,R) ≃ D2 ⊗s IGL(n,R) ≃ D2 ⊗s GL(n,R)⊗s T (n). (11)
The above group does not leave length, dq2, invariant in the rest frame. The
rest frame is the speial ase where v = 0. Requiring that the line element dq2
is invariant in the inertial rest frame
dq2 = tdx · ηq · dx = tdx · tΓ(ǫ, R, 0) · ηq · Γ(ǫ, R, 0) · dx, (12)
results in the ondition ηq = tΓ(ǫ, R, 0) · ηq · Γ(ǫ, R, 0). This may be written in
matrix notation as
ηq =
(
In 0
0 0
)
=
(
tR 0
0 ǫ
)(
In 0
0 0
)(
R 0
0 ǫ
)
=
(
tR · R 0
0 0
)
,
(13)
where In is the n× n unit matrix. This requires that
tR = R−1 and therefore
R ∈ O(n).
3
Matries of the form Γ(ǫ, R, v) with ǫ = ±1, v ∈ Rn and R ∈ O(n) are
elements of the matrix Lie group, generally alled the extended Eulidean
group, Eˆ(n) where
Eˆ(n) ≃ D2 ⊗s O(n) ⊗s T (n). (14)
The group multipliation and inverse is given by (8) with R ∈ O(n).
The orthogonal group may be written as the semidiret produt of the speial
orthogonal group and a 2 element disrete parity group D˜2 as O(n) = D˜2 ⊗s
SO(n). Dene ς ∈ D4 = D2 ⊗ D˜2 as the 4 element parity, time reversal group
with elements
ς =
(
ǫ˜In 0
0 ǫ
)
, ǫ = ±1, ǫ˜ = ±1. (15)
The extended Eulidean group (14) may be written as
Eˆ(n) ≃ D2 ⊗s O(n) ⊗s T (n) ≃ D4 ⊗s SO(n) ⊗s T (n) ≃ D4 ⊗s E(n). (16)
where E(n) ≃ SO(n) ⊗s T (n) is the Eulidean matrix Lie group that is the
homogeneous subgroup of the Galilei group.
Consider a transformation x˜ = ϕ(x) that preserves the Newtonian time
line element and length in the rest frame. The matrix of the Jaobian of the
transformation is therefore an element of the group, [∂ϕ(x)
∂x
]|x ∈ E(n). The
disrete transformations do not need to be onsidered as the ϕ are ontinuous
and therefore only the ontinuous group is required. Furthermore, we an rotate
the oordinates so that the rotation group need not be onsidered. Then, the
Jaobian is an element of the translation normal subgroup of the Eulidean
group, (
∂ϕa(x)
∂xa
)
=
(
∂ϕi(t,q)
∂qj
∂ϕi(t,q)
∂t
∂ϕ0(t,q)
∂qj
∂ϕ0(t,q)
∂t
)
=
(
δi,j v
i
0 1
)
, (17)
where in this expression indies i, j = 1, ..n are expliit. With v onstant and
ignoring trivial integration onstants, the transformation equations may be
integrated to
q˜i = ϕi(q, t) = qi + vit, t˜ = ϕ0(q, t) = t. (18)
The Eulidean group denes the transformation between inertial frames in
lassial Newtonian mehanis. The Eulidean group leaves invariant dt and
therefore in Newtonian physis there is the notion of absolute time that all
observers agree on. As the frame is inertial, the rate of hange of momentum
is zero and the motion is uniform. Correspondingly, veloity is simply additive
as given by the group laws (8,9).
3 Hamilton group: Newtonian noninertial frames
The method used above to derive the Eulidean group for inertial frames may
be applied diretly to obtain the group of transformations between general non-
inertial frames in Hamilton's mehanis. Again, we require invariane of the
4
Newtonian time line element and also that length is invariant in the inertial rest
frame. As we are using the Hamilton formulation, we also require invariane of
the sympleti metri.
For the noninertial ase with non zero rate of hange of momentum and
position between frames of partile states, onsider the spae P ≃ R2n+2 that
has oordinates z = (p, q, e, t). p, q ∈ Rn are the n momentum and n position
o-ordinates, e ∈ R is the energy oordinate and t ∈ R the time oordinate.
n = 3 is the physial ase. A frame at a point in the otangent spae T ∗zP has
a basis dz = (dp, dq, de, dt). The ation of an element of Φ ∈ GL(2n+2,R) on
the frame is
dz˜ = Φ · dz, (19)
where Φ is a nonsingular 2(n+ 1)× 2(n+ 1) matrix.
As in the Eulidean ase, we onsider the subgroup that leaves invariant the
Newtonian time line element ds2 = dt2.
dz˜ = dt2 = tdz · η◦ · dz, (20)
where η◦ is now a 2(n + 1) × 2(n + 1) singular matrix. In addition, we again
require that the length dq2 be invariant in the inertial rest frame of the partile.
Hamilton's mehanis has an additional invariant, the sympleti metri
−de ∧ dt+ δi,jdp
i ∧ dqj where i, j.. = 1, ..n.
Let Φ be an (2n+ 2)× (2n+ 2) nonsingular real matrix written in terms of
submatries as
Φ =

 A b wtc a r
td f ǫ

 , (21)
where A is a 2n × 2n real matrix, w, b, c, d ∈ Rn and a, r, f, ǫ ∈ R. From
the analysis in the previous setion, we have immediately that the invariane
of the Newtonian time line element requires ǫ = ±1, d, f = 0 so that Φ ∈
IGˆL(2n+ 1,R),
Φ =

 A b wtc a r
0 0 ǫ

 , ǫ = ±1. (22)
Furthermore we know that the requirement that the sympleti metri is invari-
ant requires that Φ ∈ Sp(2n+2). The group G that leaves both the Newtonian
line element and the sympleti group invariant is the intersetion of these two
groups
G ≃ Sp(2n+ 2) ∩ IGˆL(2n+ 1) (23)
This group may be expliitly alulated simply by applying the sympleti on-
dition to the expliit form of the group elements Φ ∈ IGˆL(2n + 1,R) given in
(22).
In the basis {dp, dq, de, dt} the matrix for sympleti metri tdz · ζ · dz has
the form
ζ =

 ζ0 0 00 0 −1
0 1 0

 . (24)
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where ζ◦ is the 2n× 2n matrix
ζ◦ =
(
0 In
−In 0
)
, (25)
with In the n× n identity matrix.
Next, impose the ondition that sympleti metri is invariant
tΦ · ζ ·Φ = ζ
using Φ dened in (22)
 tA · ζ◦ · A tA · ζ◦ · b tA · ζ◦ · w − ǫctb · ζ◦ · A tb · ζ◦ · b tb · ζ◦ · w − ǫa
tw · ζ◦ · A+ ǫ tc tw · ζ◦ · b+ ǫa tw · ζ◦ · w

 =

 ζ◦ 0 00 0 −1
0 1 0

 .
(26)
First,
tA · ζ◦ · A = ζ◦ implies that A ∈ Sp(2n). It follows from tb · ζ◦ · A = 0
and
tA · ζ◦ · b = 0 that b = 0. Note that tw · ζ◦ · w ≡ 0 as ζ◦ is antisymmetri.
Then from the terms
tw · ζ◦ · b+ ǫa = 1 and tb · ζ◦ · w − ǫa = −1, with b = 0
we have a = ǫ. Finally, the remaining equations are
c = ǫ tA · ζ◦ · w, tc = −ǫ tw · ζ◦ ·A (27)
Noting that
tζ◦ = −ζ◦, these two equation are equivalent and therefore the
matrix Φ takes the form
Φ(ǫ, A,w, r) =

 A 0 w−ǫ tw · ζ◦ ·A ǫ r
0 0 ǫ


(28)
It follows straightforwardly that this is a matrix group with the group mul-
tipliation realized by matrix multipliation and the group inverse by matrix
inverse
Φ(ǫ, A,w, r) = Φ(ǫ′′, A′′, w′′, r′′) · Φ(ǫ′, A′, w′, r′),
Φ−1(ǫ, A,w, r) = Φ(ǫ, A−1,−ǫA−1 · w,−r).
(29)
where
ǫ = ǫ′′ǫ′, A = A′′ · A′,
w = ǫ′w′′ +A′′ · w′,
r = ǫ′′r′ + ǫ′r′′ − ǫ′′tw′′ · ζ◦ ·A′′ · w′.
(30)
It is lear that Φ(1, A, 0, 0) ∈ Sp(2n) and Φ(ǫ, I2n, 0, 0) ∈ D2 and further that
Φ(ǫ, A, 0, 0) ∈ D2 ⊗ Sp(2n)
Φ(1, A, 0, 0) =

 A 0 00 1 0
0 0 1

 , Φ(ǫ, I2n, 0, 0) =

 I2n 0 00 ǫ 0
0 0 ǫ

 . (31)
The elements of the disrete group D2 hange the sign of the time and energy
degrees of freedom together and the elements of the sympleti group Sp(2n) are
the usual sympleti transformations on the position and momentum degrees of
freedom.
6
Note also that for A′′ = A′ = I2n and ǫ
′′ = ǫ′ = 1 that the group multiplia-
tion law redues to
Φ(1, I2n, w, r) = Φ(1, I2n, w
′′, r′′) · Φ(1, I2n, w
′, r′)
Φ−1(1, I2n, w, r) = Φ(1, I2n,−w,−r)
(32)
where
w = w′′ + w′,
r = r′ + r′′ − tw′′ · ζ◦ · w′.
(33)
and therefore Υ(w, r) = Φ(1, I2n, w, r) denes a subgroup H(n) that has the
group multipliation and inverse given by (32) with w ∈ R2n and r ∈ R. This
group is the Weyl-Heisenberg group.
The automorphisms of this subgroup are
Φ(ǫ, A,w, r) = Φ(ǫ′, A′, w′, r′) · Φ(1, I2n, w
′′, r′′) ·Φ−1(ǫ′, A′, w′, r′)
= Φ(1, I2n, ǫ
′A′ · w′′, r′′ − tw′ · ζ◦ · w′′ + tw′′ · ζ◦ · w′)
(34)
Therefore H(n) is a normal subgroup. The union of H(n)with D2 ⊗ Sp(2n)
is the full group and the intersetion is the identity. Thus we have the result
that the group G that leaves the sympleti metri and the Newtonian time line
element invariant is.
G ≃ Sp(2n+ 2) ∩ IGˆL(2n+ 1) ≃ HSˆp(2n) = D2 ⊗s Sp(2n)⊗s H(n) (35)
It is shown in [1℄ that this group is the group of linear automorphisms of
the Weyl-Heisenberg group and therefore is the maximal group with a Weyl-
Heisenberg normal subgroup .
3.1 Weyl-Heisenberg group
The notational hange w = (f, v) with f, v ∈ Rn enables the group operations
of the Weyl-Heisenberg group to be written in the form
Υ(f, v, r) = Υ(f ′′, v′′, r′′) ·Υ(f ′, v′, r′)
= Υ(f ′′ + f ′, v′′ + v′, r′′ + r′ − f ′′ · v′ + v′′ · f ′),
Υ−1(f, v, r) = Υ(−f,−v − r).
(36)
Υ(f, v, r) may be realized by the matrix group [2℄
Υ(f, v, r) =


In 0 0 f
0 In 1 v
v −f 1 r
0 0 0 1

 , (37)
and it an be diretly veried that matrix multipliation and inverse realizes
the group operations given in (36).
The Weyl-Heisenberg group itself is the semidiret produt of two translation
groups
H(n) ≃ T (n)⊗s T (n+ 1). (38)
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This may be shown as follows. Consider the group multipliation in (36) with
f = r = 0,
Υ(0, v′′, 0) ·Υ(0, v′, 0) = Υ(f, v, r) = Υ(0, v′′ + v′, 0),
Υ−1(0, v, 0) = Υ(0,−v, 0).
(39)
Thus, Υ(0, v, 0) ∈ T (n). As in the Eulidean ase, these translations are pa-
rameterized by veloity. Furthermore, with v = 0 and f, r 6= 0, we have
Υ(f ′′, 0, r′′) ·Υ(f ′, 0, r′) = Υ(f, v, r) = Υ(f ′′ + f ′, 0, r′′ + r′),
Υ−1(f, 0, r) = Υ(−f, 0,−r).
(40)
and therefore Υ(f, 0, r) ∈ T (n + 1). These translations are parameterized by
fore and power.
Finally, a speial ase of the automorphism given in (34) gives
Υ(f ′, v′, r′) ·Υ(f, 0, r) ·Υ−1(f ′, v′, r′) = Υ(f, 0, r − 2f · v′). (41)
The translation subgroup Υ(f, 0, r) ∈ T (n + 1) of H(n) is therefore a normal
subgroup. It may be shown that this is not the ase for the translation sub-
groupΥ(0, v, 0) ∈ T (n). Therefore, the Weyl-Heisenberg group is the semidiret
produt given in (38).
The Weyl-Heisenberg group that appears as a subgroup of the group of
transformations between noninertial frames is parameterized by veloity, fore
and power. From the group multipliation given in (36), veloity and fore
are simply additive as expeted in Newtonian mehanis. This identiation
will beome learer in the following setion as well as the meaning of the power
transformation law.
3.2 Hamilton's equations
We onsider now the transformations z˜ = ϕ(z) = ϕ(p, q, e, t) that leave the
sympleti metri and the Newtonian line element dt2 invariant. From (35),
the ontinuous group leaving this invariant is HSp(2n). The Jaobian of the
transformation,
∂ϕ(z)
∂z
, must be an element of this group. Consider rst the
ase where the Jaobian is an element of the H(n) subgroup of HSp(2n).[
∂ϕα(z)
∂zβ
]
|z = Υ(f, v, r) (42)
Set zα = {pi, qj , e, t} with α = 1, ...2n + 2, i, j, .. = 1, ..n. Then the above
expression an be expanded out to

∂ϕi(z)
∂pj
∂ϕi(z)
∂qj
∂ϕi(z)
∂e
∂ϕi(z)
∂t
∂ϕn+i(z)
∂pj
∂ϕn+i(z)
∂qj
∂ϕn+i(z)
∂e
∂ϕn+i(z)
∂t
∂ϕ2n+1(z)
∂pj
∂ϕ2n+1(z)
∂qj
∂ϕ2n+1(z)
∂e
∂ϕ2n+1(z)
∂t
∂ϕ2n+2(z)
∂pj
∂ϕ2n+2(z)
∂qj
∂ϕ2n+2(z)
∂e
∂ϕ2n+2(z)
∂t

 =


δij 0 0 f
i
0 δij 0 v
i
vj −f j 1 r
0 0 0 1


(43)
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The solution of these equations requires the ϕα to have the form
p˜i = ϕi(p, q, e, t) = pi + ϕp
i(t),
q˜i = ϕn+i(p, q, e, t) = qi + ϕq
i(t),
e˜ = ϕ2n+1(p, q, e, t) = e+H(p, q, t),
t˜ = ϕ2n+2(p, q, e, t) = t.
(44)
In addition these equations must satisfy
∂ϕn+i(z)
∂t
= vi = ∂ϕ
2n+1(z)
∂pi
, ∂ϕ
2n+1(z)
∂t
= r.
∂ϕi(z)
∂t
= f i = −∂ϕ
2n+1(z)
∂qi
,
that on substituting in (44) is Hamilton's equations
dϕq
i(t)
dt
= vi =
∂H(p, q, t)
∂pi
,
dϕp
i(t)
dt
= f i = −
∂H(p, q, t)
∂qi
,
∂H(p, q, t)
∂t
= r.
(45)
From this result, the identiation of v with veloity, f with fore and r with
power is lear. The group operation desribes the addition of these quantities for
transformations between frames assoiated with partiles following trajetories
that satisfy Hamilton's equations that are generally noninertial. The terms in
the power transformation in the group multipliation law (56,32) integrate to
the terms in the Hamiltonian required for noninertial frames.
On the other hand, if the Jaobian
∂ϕ(z)
∂z
is an element of the subgroup
Sp(2n) ⊂ HSp(2n), then the transformations are the usual anonial transfor-
mations on momentum-position spae. These transformations leave invariant
the sympleti metri δi,jdp
i ∧ dqj and Hamilton's equations.
Thus, from the ondition that the Newtonian time line element dt2 and the
ondition that the sympleti metri ζ are invariant on a 2n + 2 dimensional
spae, we have derived Hamilton's equations on 2n dimensional phase spae and
the invariane under the anonial transformations with Jaobians elements of
Sp(2n). However, viewed on the 2n+2 dimensional spae, the transformation
group is Sp(2n)⊗sH(n). This group transforms between the frames assoiated
with partiles following trajetories dened by Hamilton's equations that are
generally noninertial.
3.3 The Hamilton group
Finally, we may also onsider the invariane of the length line element
dq2 = δijdq
idqj = tdz · ηq · dz, (46)
in the inertial rest frame as in the Eulidean ase. The inertial rest frame is
dened by v = f = r = 0 and therefore
tΦ(1, A, 0, 0, 0) · ηq · Φ(1, A, 0, 0, 0) = ηq. (47)
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The 2n × 2n matrix A ∈ Sp(2n) may be deomposed into the four n × n
submatries Aµ,ν with µ, ν = 1, 2. In the 2n+2 dimensional spae, the η
q
and
Φ(1, A, 0, 0, 0) are given by
ηq =


0 0 0 0
0 In 0 0
0 0 0 0
0 0 0 0

 , Φ(1, A, 0, 0, 0) =


A1,1 A1,2 0 0
A2,1 A2,2 0 0
0 0 1 0
0 0 0 1

 . (48)
Then the invariane of the length line element (0) in the inertial rest frame
results in

tA2,1 · A2,1
tA2,2 · A2,1 0 0
tA2,1 · A2,2
tA2,2 · A2,2 0 0
0 0 0 0
0 0 0 0

 =


0 0 0 0
0 In 0 0
0 0 0 0
0 0 0 0

 , (49)
where the dimensions of the zero submatries are lear from the ontext. From
this it follows that A2,2 = R ∈ O(n) and A2,1 = 0.
The matries A are elements of Sp(2n) and therefore tA · ζ◦ ·A = ζ◦. From
this it follows that A−1 = −ζ◦ · tA · ζ◦. Writing the 2n × 2n matries A in
terms of the four n× n submatries Aµ,ν , we have(
A1,1 A1,2
A2,1 A2,2
)
−1
= −
(
0 In
− In 0
)
·
(
tA1,1
tA2,1
tA1,2
tA2,2
)
·
(
0 In
− In 0
)
.
(50)
For the ase A2,1 = 0, and A2,2 = R the inverse may be omputed and therefore(
A1,1
−1 −A1,1
−1 ·A1,2 · R
−1
0 R−1
)
=
(
tR tA1,2
0 tA1,1
)
. (51)
Thus A1,1 =
tR−1. Now, as R ∈ O(n), we have that R−1 = tR and so
A1,1 = R. The remaining ondition is that
− tR · A1,2 ·R
−1 ≡ tA1,2 or
tR ·A1,2 ≡ −
t
(
tR · A1,2
)
. (52)
As this is true for all R ∈ O(n), we have A1,2 = 0. This means that A is
realized by the 2n× 2n matries of the form
A =
(
R 0
0 R
)
, R ∈ O(n), (53)
and therefore A ∈ O(n).
This gives the result that the extended Hamilton group Hˆa(n) is
Hˆa(n) ≃ D2 ⊗s O(n)⊗s H(n). (54)
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An element of the Hamilton group may be written expliitly in the (2n+ 2)×
(2n+ 2) matrix realization
Φ(ǫ, R, v, f, r) =


R 0 0 f
0 R 0 v
v −f ǫ r
0 0 0 ǫ

 . (55)
Again, as it is a matrix group, the group multipliation and inverse is given by
matrix multipliation and inverse. Alternatively, these are just the speial ase
of (0,0) with A given by (0) and w = (f, v)
Φ(ǫ, R, f, v, r) = Φ(ǫ′′, R′′, f ′′, v′′, r′′) · Φ(ǫ′, R′, f ′, v′, r′),
Φ(ǫ, R, f, v, r)
−1
= Φ(ǫ, R−1,−ǫR · f,−ǫR · v,−ǫ r),
(56)
where
ǫ = ǫ′ǫ′′, R = R′′ ·R′,
f = ǫ′f ′′ +R′′ · f ′,
v = ǫ′v′′ +R′′ · v′,
r = ǫ′r′′ + ǫ′′(r′ − f ′′ · R′′ · v′ + v′′ · R′′ · f ′).
(57)
These are the transformation equations for veloity v, fore f and power r under
the extended Hamilton group.
Note that for the inertial ase with f = r = 0, that these redue to
Φ(ǫ, R, 0, v, 0) = Φ(ǫ′′, R′′, 0, v′′, 0) · Φ(ǫ′, R′, 0, v′, 0)
= Φ(ǫ′ǫ′′, 0, ǫ′v′′ +R′′ · v′, 0),
Φ(ǫ, R, 0, v, 0)−1 = Φ(ǫ, R−1, 0,−ǫR · v, 0).
(58)
With the identiation Γ(ǫ, R, v) ≃ Φ(ǫ, R, 0, v, 0), these are the group multipli-
ation and inverse laws for the extended Eulidean group given in (0). Further-
more, noting that for f = v = 0 that the Weyl-Heisenberg subgroup redues to
the translation group (0), we have that
Eˆ(n) ⊂ Hˆa(n). (59)
Thus the inertial group, that is the homogenous subgroup of the Galilei group,
is a speial ase of the general noninertial Hamilton group.
Now, as in the Eulidean ase, the orthogonal group an be deomposed
into the diret produt of the two element disrete parity group and the speial
orthogonal group, O(n) ≃ D˜2⊗sSO(n). The disrete two element parity group
hanges the sign of the position and momentum degrees of freedom together.
The nal step is to use this deomposition and again dene the 4 element disrete
group with elements ς ∈ D4 ≃ D˜2⊗D2 and restrit R ∈ SO(n). The (2n+2)×
(2n+ 2) matrix realization of the elements ς ∈ D4 are
ς =


ǫ˜In 0 0 0
0 ǫ˜In 0 0
0 0 ǫ 0
0 0 0 ǫ

 , ǫ = ±1, ǫ˜ = ±1 (60)
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The Hamilton group may then be written
Hˆa(n) ≃ D4 ⊗s SO(n) ⊗s H(n) ≃ D4 ⊗s Ha(n) (61)
where Ha(n) = SO(n)⊗s H(n).
4 Disussion
We began the disussion in this paper by onsidering the group leaving ariane of
spaial length in the inertial rest frame resulted in the extended Eulidean group
of transformations that is the homogeneous subgroup of the Galilei group. The
dieomorphisms with a Jaobian that is an element of this group at a given
point in the spae-time dene the usual linear inertial transformations. The
extended Eulidean group denes the transformations between inertial frames
in the Newtonian formulation.
We onsidered next the group that leaves invariant the Newtonian line ele-
ment on a time, position, momentum, energy spae formulation that also has
a sympleti metri invariant. If again we require the invariane of length in
the inertial rest frame, the extended Hamilton group of transformations results.
The dieomorphisms with a Jaobian that is an element of this group at a given
point in the spae-time dene Hamilton's equations. Partiles in lassial me-
hanis follow trajetories that are dened by solutions to Hamilton's equations.
The frames assoiated with these trajetories are in general noninertial. The
extended Hamilton group therefore denes the transformations between gen-
eral noninertial frames in the Hamilton formulation. The extended Eulidean
transformations are a speial ase of the extended Hamilton transformations
orresponding to the inertial ase where the rate of hange of momentum and
energy are zero.
The Hamilton group multipliation denes the usual addition of veloity and
fore. The noninertial transformations of the power result in terms involving
veloity and fore appearing in the power transformation that integrate to the
terms required in the Hamiltonian in a noninertial frame.
There is nothing fundamentally physial that distinguishes a partile in an
inertial frame as apposed to a noninertial frame. The usual hoie of inertial
frames is simply a mathematial expedieny to simplify the analysis. Further-
more, as inertial frames are related by a group, one expets that noninertial
frames in the neighborhood of the inertial frame to likewise be related by a
group. This is the Hamilton group. In this lassial ase, the noninertial for-
mulation does not result in new physial onsequenes.
We know that the Eulidean group is the limit of small veloities, v/c→ 0,
of the Lorentz group of speial relativity. The Lorentz group denes transfor-
mations between frames of inertial partiles in speial relativity. Clearly, by
the above arguments, there must be a group of transformations for noninertial
frames in the relativisti ase.
2
This group must have the Lorentz group as the
2
This is often assumed to be general relativity. The equivalene priniple results in partiles
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inertial speial ase and ontrat in a well dened physial limit, that inludes
small veloities relative to c, to the Hamilton group. A group that satises these
properties and the new physial onsequenes is disussed in [3, 4℄.
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following geodesis and so all partiles in a purely gravitational system are loally inertial in
the urved manifold. Consider the ase with other fores where gravity is negligible and the
problem of relativisti noninertial frames remains.
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